We continue our study of quantum Riemann surfaces initiated in 1, 2, 3]. We construct a one parameter family of deformations of compact Riemann surfaces of genus g 2. Our construction does not require any discretness condition on the value of Planck's constant. It coincides with the construction of 2] in the case when Planck's constant assumes the discrete set of values dictated by geometric quantization.
I. Introduction
In a series of papers 1], 2], 3], we studied non-perturbative deformation quantization of Riemann surfaces. Our approach is based on the ideas of 4] (for related developments, see also 5], 6], 7], and references therein.) A satisfactory picture of uniformization of exceptional quantum Riemann surfaces emerged from these investigations. In the case of higher genus (g 2) Riemann surfaces, the uniformization on the quantum level is a more complex issue. In fact, if M is a Riemann surface and N is a covering of M, then the quantization of N is a covering of the quantization of M in the sense of 3] only if the fundamental group of the covering N ! M is abelian. Part of the problem is the presence of toplogical sectors (similar to the -vacua in gauge theory) in the quantum theory, which is related to the non-simple connectedness of the classical phase space. These sectors are classi ed by the characters of the fundamental group of the phase space. This does not re ect the non-commutativity of that group. On the other hand, whether the fundamental group is commutative or not seems to be important for the quantum uniformization in the sense of 3]. A similar phenomenon was discussed previously in 8] .
Quantization of Riemann surfaces in the framework of geometric quantization (see e.g. 9]) requires a restriction on the allowed values of the deformation parameter r (\the quantization condition".) However, it is desirable to have a de nition of quantum Riemann surfaces for all values of r. A de nition consistent with geometric quantization was given in 2], for r = n(2g ? 2) ?1 , where n 2 N. In principle, quantum uniformization allows for a construction of quantum Riemann surfaces for all values of r, using the universal covering, the Poincar e disk, as the point of departure. Since the fundamental groups of higher genus Riemann surfaces are non-abelian, it is likely, however, that the so de ned algebra of quantized functions does not reduce to the algebra of 2], when r = n(2g ?2) ?1 .
In this paper, we construct quantization of compact Riemann surfaces for arbitrary values of r > 0 in a manner consistent with 2]. Our starting point is a non-compact covering spaceM such that the group of cover transformation is the abelian group Z. SinceM is a non-compact Riemann surface, all holomorphic line bundles are holomorphically trivial 10], and geometric quantization does not impose any restrictions on Planck's constant. It was explained in 2] that geometric quantization of Riemann surfaces leads to certain operator algebras on Hilbert spaces of automorphic forms. We de ne the quantization of M in terms of Toeplitz operators with invariant symbols on a space of automorphic forms onM, and prove deformation estimates. The proof of the estimates is based on the methods developed in 2] (see 11] for a di erent approach.)
The paper is organized as follows. In Section II, we study the fundamental groups of M andM. We de ne and study suitable spaces of automorphic forms on M andM in Section III. Section IV contains proofs of deformation estimates.
II. The fundamental groups
In this section, we x our notation and describe certain group theoretic properties of the fundamental groups of Riemann surfaces which will be useful in later sections. Let One can easily verify that the above map is well de ned, i.e. it does not depend on the way we represent , and is indeed a homomorphism of groups. We denote the kernel of this homomorphism by ? 0 . The group ? 0 is no longer nitely generated. In fact, it is not di cult to see that the following elements are its generators: a; b n a i b ?n ; b n b i b ?n ; where n 2 N; i = 0; 1; : : :; g ? 1 ;
and there are no relations among them, i.e. ? 0 is the free product of in nite cyclic groups generated by the above generators. LetM be a covering of M with no branching points and such that 1 
In (II.2), the standard branch of the logarithm is taken to de ne the r-th power. , where the estimates were proved for the quantization based on automorphic forms of ?. However, the compactness of the fundamental domain of ? was used in an essential way in several places, so that the results cannot be applied to the case of ? 0 (as R 0 is not compact in U). The main di erence is that \transfer of regularity" argument has to be done more carefully in the present case.
To prove (IV. With our choice 0 < < 1=2, the exponent 2 ? 2 in the third factor is greater than 1, and so we can apply Lemma IV.2 to it, and conclude that it is O (1) Since z varies over a compact set and t > 0, it follows that the series P n2Z j(b n ) 0 (z)j t is bounded, uniformly in z, by a convergent geometric series. This concludes the proof of Lemma IV.3 and Theorem IV.1 .
